ABSTRACT. The purpose of this study is to verify the efficiency and the applicability of the Least-Squares Monte Carlo method for pricing American interest rate options. Results suggest that this technique is a promising alternative to evaluate American-style interest rate options. It provides accurate option price estimates which are very close to results provided by a binomial model. Besides, actual implementation can be easily adapted to accept different interest rate models.
INTRODUCTION
In spite of the increasing variety of financial instruments with American-style embedded options there isn't a closed-form valuation formula for pricing these securities. In general, the valuation of these types of derivatives requires not only the choice of a stochastic process to represent the interest rate evolution, but also the description of the fixed income instrument price behavior. This article suggests the use of the Least-Squares Monte Carlo method, proposed by Longstaff & Schwartz (2001) as a solution for the valuation of American-style interest rate options. The Least-Squares Monte Carlo method is a well-suited technique for pricing fixed income American options, because it accepts many stochastic processes for the interest rate and supports several risk factors, such as the credit risk and the liquidity risk.
A technique widely applied in the valuation of American interest rate options is the binomial model. Rendleman & Bartter (1980) use this technique for pricing European and American bond options. Their model supposes that the short rate follows the geometric Brownian motion dynamics. Nelson & Ramaswamy (1990) present the binomial model as a practical and effective tool for pricing interest rate options. Through the development of a general technique of building recombining binomial trees, the authors suggest that the method can be applied to all dynamics used for modeling the interest rate behavior. Black, Derman & Toy (1990) apply the binomial model to evaluate options embedded in American Treasury Bonds, considering that the short rate follows a lognormal distribution. Boyle, Evnine & Gibbs (1989) present a multidimensional extension of the binomial model that can be used for pricing European and American options subject to several risk factors. However, it is necessary to stand out that the binomial model is hardly used for pricing interest rate options subject to two or more risk factors, since the number of nodes in the tree grows exponentially with the number of risk factors.
The use of Monte Carlo simulation for pricing American-style options still remains a challenge in finance. Bossaerts (1989) was one of the first authors to suggest that the method could be applied to value American options. Bossaerts' approach, known as parametric approach, consists of modeling the exercise region of an American option by a parametric function and then finding the highest value of the option in this area. A few years later, Broadie & Glasserman (1997) presented another simulation approach for pricing American-style options: the random tree approach. Both approaches, however, have strong limitations. The parametric approach can't always be applied to price securities with several risk factors, while the random tree approach is not appropriate for pricing American-style options with six or more exercise dates. In 2001, Longstaff & Schwartz developed a promising technique to evaluate American-style options by simulation that supports any number of risk factors and exercise dates: the Least-Squares Monte Carlo method. The purpose of this method is to provide the optimal exercise strategy and to value the American type option, through an optimization algorithm based on least-squares regression. The authors applied this technique to evaluate American put options, American-Asian options, swaptions and cancelable index amortizing swaps.
The purpose of this study is to verify the efficiency and the applicability of the Least-Squares Monte Carlo (LSM) method for pricing American-style interest rate options. The efficiency of LSM method is evaluated by comparing its estimates with the results provided by a binomial model. All options in this study are American options embedded in zero-coupon fixed income bonds. In general, it intends to evaluate the efficiency of LSM algorithm under different interest rate dynamics and, consequently, under different fixed income bond dynamics. Although the algorithm has been originally developed to evaluate American options subject to several risk factors, it is important to stand out that the options evaluated here are subject to only one risk factor: the short rate risk. The short rate behavior will be represented by three popular dynamics whose binomial representations are available in the literature: Rendleman & Bartter (1980), Vasicek (1977) and Cox, Ingersoll & Ross (1985) models. The construction of the Binomial examples of these dynamics are provided by Cescato (2008) . The main differences between these models are their short rate probability distribution functions. In the Rendleman and Bartter model, the short rate follows a geometric Brownian motion dynamics represented by a lognormal distribution. In Vasicek & Cox, Ingersoll & Ross (CIR) models, the short rate follows, respectively, a normal distribution and a non-centralized qui-square distribution. Besides, it is necessary to say that the short rate exhibits mean reversion behavior, which is realistic and supported by the economic theory.
METHODOLOGY
The Least-Squares Monte Carlo (LSM) method is a technique for pricing American options that combines Monte Carlo Simulation with an optimization algorithm based on regression. According to Longstaff & Schwartz (2001) , it is a flexible approach that supports several risk factors and accepts any type of dynamics for those factors. Simplicity, easiness to apply and computational efficiency are other advantages of their technique. On the other hand, as every simulation method it can produce biased estimates for option prices when the number of trials is small.
The purpose of LSM method is to provide the optimal exercise strategy of the American option and, consequently, its price. The intuition behind the method is that the holder of an American option decides to exercise it by comparing the payoff from immediate exercise with the expected payoff from continuation, that is, the expected option value if it's not exercised. In other words, the estimation of the conditional expectation function for each exercise date defines the optimal exercise strategy of the option. The expected payoff from continuation can be estimated by a least-squares regression, in which the independent variables are basic functions of option state variables and the dependent variable is the discounted payoff from keeping the option alive and exercising it at future dates.
The use of LSM algorithm for pricing American-style interest rate options requires the choice of the dynamics that represents the option state variables behavior and the description of option underlying asset dynamic under the risk-neutral measures. In the American put valuation example presented by Longstaff & Schwartz (2001), such definitions are made at the same time, since the option state variable and the option underlying asset are the same variable: the stock price. In the particular case of interest rate options evaluated here, the state variable is the short rate and the underlying asset is the zero-coupon bond, whose stochastic process under the risk-neutral measure is:
where: B t (T ) is the price, at time t, of a zero-coupon bond with face value F V , maturing at time T , r is the short rate and Q is the risk-neutral measure.
One of the critical issues of applying the algorithm for pricing the interest rate options considered here is to correctly describe the stochastic process for the bond price, through the analytic resolution of Equation 1. In other words, the success of the algorithm depends on the properly generation of paths for the bond, starting from the simulation of the short rate paths. The formulae applied to generate these paths are presented in Appendixes I and II.
A Simple Example of LSM Algorithm
In order to illustrate the use of LSM method for pricing American-style interest rate options, we present a simple example of the valuation of an American interest rate put embedded in a zerocoupon bond. In this example, short rate follows the Vasicek dynamics. Exhibit 1 summarizes the data used in the illustration. The option can be exercised at any time prior or equal to its maturity date, except at time Zero. The first step of the algorithm consists in generating paths for the short rate using the discreet version of Vasicek dynamics' stochastic differential equation, i.e., Appendix I, Equation (3), from Time Zero until the expiration time of the option. Exhibit 2 shows the simulated values for the short rate in each one of the eight paths. The next step is to generate bond prices from Time Zero until Time 4, the expiration time of the option. The bond prices follow the Vasicek dynamics summarized in Appendix II Equations (6), (7) and (8) . Exhibit 3 presents the simulated bond prices for each path. The put value at the expiration time is equal to the difference between the strike price and the bond price for the paths where this difference is positive, and zero for the other cases. In Path 1, for example, since the bond price at the option maturity ($71.8814) is smaller than the strike price ($81), the put value at the expiration time is ($81 − $71.8814) = $9.1186. In Path 2, since the bond price at the option maturity ($85.1444) is greater than the strike price ($81), the put value at maturity is zero. Bond values for which the option can be exercised are marked with an asterisk. For instance, at the expiration time (Time 4), the option can be exercised in Paths 1, 3 and 8. For each simulated path, starting from Time 3, the time immediately before the expiration time until Time 1, the algorithm chooses between exercising the option at that time or waiting to exercise the option in the future. Therefore, at each time, from Time 3 to Time 1, the algorithm compares the payoff from immediate exercise with the expected option payoff from continuation. If the payoff from immediate exercise is greater than the payoff from continuation, the option is exercised. Otherwise, the option stays alive. The payoff from continuation at each time is estimated by a least-squares regression. In this example, a multiple regression is used, where the independent variables are the short rate (X ) at a given time and its square (X 2 ), while the dependent variable (Y ) is the discounted value of cash flows due to exercise of the option at the following periods. Exhibit 6 presents the resulting option cash flows for the exercise procedures obtained above. Path 1 cash flow at Time 3 is zero because the option is not exercised at this time, and the cash flow at Time 4 (expiration time) is $9.1186, the option value at expiration time. In this case, the waiting decision is followed by an exercise decision. For Path 2, the waiting decision at Time 3 is not followed by an exercise decision at Time 4, because the bond price at expiration ($85.1444) is greater than the option strike price ($81). Finally, the algorithm provides the Option Cash Flow Matrix from Time 1 until the expiration time, for all the eight simulated paths. The American put estimated value provided by the algorithm is $4.5518, obtained by averaging the discounting cash flows presented in Exhibit 12.
The Script for Pricing American-Style Interest Rate Options by The LSM Method
The script used for pricing American-style interest rate options is summarized in Exhibit 13. It's a synthesis of Section 2.1 Example, constructed to facilitate the implementation of LSM method.
Data and Conventions
Exhibit 14 presents the stochastic differential equations regarding the interest rate dynamics used in this study. The dynamics are implemented, intentionally, with the same values of the diffu- 1. Generate 1,000 (or 10,000) paths for the short rate from Time Zero until the expiration time of the option, using the formulas presented in Appendix I.
2. Generate 1,000 (or 10,000) paths for the fixed income bond price from Time Zero until the expiration time of the option, using the formulas presented in Appendix II.
3. Calculate the option payoff at the expiration time for each simulated path.
From the time immediately before the expiration time until Time 1:
-Estimate the Conditional Expectation Function by least-squares regression.
-Calculate the option payoff from immediate exercise for the paths where the option can be exercised.
-Calculate the expected option payoff from continuation for the paths where the option can be exercised.
-Decide to exercise the option if the expected payoff from continuation is smaller than the payoff from immediate exercise.
-Build the partial cash flows of all paths, starting from current time until the expiration time of the option. 
Rendleman & Bartter, Vasicek and CIR Dynamic Preliminary Tests
In order to test the implementation of the discreet versions of interest rate dynamics as well as the implementation of bond stochastic processes we performed several preliminary tests focusing on the valuation of European interest rate options by simulation. Simulations using the Rendleman and Bartter dynamics are executed with only 1,000 paths for short rates and bond prices, because bond price calculations require a high computational time.
Results are shown in Tables 1 and 2 . The observed biases are very close to zero, indicating that the European interest rate option estimates provided by Monte Carlo Simulation converge to the available analytic solutions and to the results provided by the binomial model. Besides, standard errors and the root mean squared errors (RMSE) are very small indicating that estimates are accurate. For all dynamics, an increase of the diffusion coefficient from 10% to 20% does not affect the estimate bias. Indeed, test repetition with other values for the diffusion coefficient shows that the estimate bias is not affected by the variation of this parameter. Test results also reveal that varying the strike price of the in-the-money or at-the-money options does not impact the standard error of the estimates. A complete analysis of the results for the European interest rate options is presented by Cescato (2008).
RESULTS
Least-Squares Monte Carlo estimates for the values of the American interest rate options are shown in Tables 3 and 4 . The estimates are generated through the simulation of 1,000 (or 10,000) paths for the short rate, with 168 steps. Descriptive Sampling (DS) variance reduction technique is used in all simulations. The valuation of American options regarding Vasicek and CIR dynamics required a time around 10 minutes using a 2,8 GHz Phenom II X4 processor, while the valuation of American options regarding Rendleman and Bartter dynamics required 4 hours and 20 minutes using the same processor. The estimates provided by the method are reliable, since they are very close to the results provided by the binomial model, regardless of the dynamics used. Besides, the accuracy of estimates is high, since the standard errors and the root mean squared errors (RMSE) are very close to zero. The quality of estimates is not affected by varying the diffusion coefficient of the interest rate dynamics, but it reduces as the options exercise probability decreases, as it is showed in Figures 1 and 2 . The estimates are generated through the simulation of 10,000 paths (with 168 steps) for the short rate, using Descriptive Sampling. The bond's face value is $100 and it expires in 4 months (84 working days). The strike price of the American put is $96, the current short rate is 15% per annum, the long-term interest rate is 15% per annum and the reversion speed of short rate to long-term interest rate is 80%. The results are generated through the simulation of 10,000 paths (with 168 steps) for the short rate, using Descriptive Sampling. The bond's face value is $100 and it expires in 4 months (84 working days). The current short rate is 15% per annum, the long-term interest rate is 15% per annum, the reversion speed of short rate to long-term interest rate is 80% and the diffusion coefficient of CIR dynamics is 20% per annum.
Results presented in Tables 1 and 3 reveal that there is no value to the right of the early exercise of an American interest rate call since their values are very close to the European interest rate calls with the same strike price. According to the literature, this occurs because the payoff from the early exercise of an American call is always smaller than the derivative value. Indeed, this conclusion applies to any dynamics which does not accept negative interest rates, like Rendleman and Bartter and CIR dynamics, but it does not apply to the Vasicek dynamics. Figure 3 reveals that, in the specific case of Vasicek dynamics, as the diffusion coefficient reaches higher levels, the values of the American calls depart from the values of the European calls, i.e., it becomes better to exercise the American call before the expiration time. Regarding the American puts, Tables 2 and 4 reveal that their values are greater than the values of the corresponding European puts. For example, the values of the American puts with strike price equal to $100 are about twice the values of the European puts with the same strike price. The difference between the value of an American put and the value of a European put with the same strike price is explained by the value due to the right of the early exercise. Unlike the European put, which can only be exercised at the expiration time, the American put can be exercised at any time before or equal to the expiration time. As the early exercise of an American put can provide a cash flow greater than the value paid for the option, the value of an American put will always be greater than the value of a European put with the same strike price. As the diffusion coefficient reaches higher levels, it becomes better to exercise the American call before the expiration. The estimates are generated through the simulation of 10,000 paths (with 168 steps) for the short rate, using Descriptive Sampling. The bond's face value is $100 and it expires in 4 months (84 working days). The strike price of the American call is $97, the current short rate is 15% per annum, the long-term interest rate is 15% per annum and the reversion speed of short rate to long-term interest rate is 80%.
Another interesting result is that the estimates of the American puts are sensible to the time interval used in the simulations. It is verified that, as the binomial model results, the LeastSquares Monte Carlo method provides biased estimates for these options when the time interval is not very small. This bias can be eliminated increasing the number of dimensions used in the simulations, as illustrated in Figure 4 . The estimates are generated through the simulation of 1,000 paths for the short rate, using Descriptive Sampling. The bond's face value is $100 and it expires in 4 months (84 working days). The strike price of the American put is $99.5, the current short rate is 15% per annum, the long-term interest rate is 15% per annum, the reversion speed of short rate to long-term interest rate is 80% and the diffusion coefficient of CIR dynamics is 10% per annum.
CONCLUSION
The purpose of this study is to verify the efficiency and the applicability of the Least-Squares Monte Carlo (LSM) method for pricing American interest rate options. Rendleman and Bartter, Vasicek and CIR models, which are very popular, are used to model the interest rate behavior.
Results from several simulations show that the LSM method is an effective tool for pricing American interest rate options. It provides accurate estimates which are very close to results provided by the binomial model.
Concerning the possibility of early exercise, results show that the American interest rate put values are greater than the European put values with the same strike price in all simulations. Regarding the American calls, results suggest that the payoff from early exercise is tied to the dynamics used to model the interest rate behavior. For the dynamics that accepts negative interest rates, the case of Vasicek model, it can be profitable to exercise the American call before the expiration time. Otherwise, if the chosen dynamics does not accept negative interest rates, the case of Rendleman and Bartter and CIR models, it will never be better to exercise the American call before maturity.
The flexibility of LSM method and its large utility for pricing American-style interest rate options are verified. Concerning the flexibility, the LSM method has proven to be much better than the binomial model. Unlike the binomial model, the LSM method, once implemented, can be easily adapted to accept any new interest rate dynamics. The flexibility of LSM method makes itself an important technique for pricing options and derivatives subject to market risk, since there is no consensus among financial agents about which dynamics must be used to model the interest rate behavior. where: P(t, T ) is the price, at time t (or Period t/ t), of a zero-coupon bond with face value F V maturing at time T , r j (i) is the short rate value at Period i in path j, t is the time interval (year's fraction) and N is the number of simulated paths, set at 200, due to limitations of computational resources used in this study. *Due to the absence, in literature, of a closed-form formula for calculating the fixed income bond price, the bond price at time t is estimated through the generation of 200 paths for the short rate, starting from time t (until time T ), for each simulated short rate path. 
APPENDIX II -FORMULAE USED TO GENERATE FIXED INCOME BOND PATHS

Vasicek Model P(t, T ) = F V. A(t, T ).e −B(t,T ).r (t)
where: P(t, T ) is the price, at time t (or Period t/ t), of a zero-coupon bond with face value F V maturing at time T , r (t) is the short rate value at time t, a is the reversion speed of short rate to long-term interest rate, b is the long-term interest rate and σ is the diffusion coefficient of the dynamics.
CIR Model P(t, T ) = F V. A(t, T ).e −B(t,T ).r (t) (9)
h = a 2 + 2.σ 2 where: P(t, T ) is the price, at time t (or Period t/ t), of a zero-coupon bond with face value F V maturing at time T , r (t) is the short rate value at time t, a is the reversion speed of short rate to long-term interest rate, b is the long-term interest rate and σ is the diffusion coefficient of the dynamics.
